QUATERNIONS.

[CHAP. IT.

It is only necessary to add to what has preceded, that if BC be
a line not in the same direction with
AB, then the vector BC cannot he
represented by a or by any (arith-    ^^_________
metical) multiple of a.    The vector  A                      B
symbol a must be limited to express transference in a certain
direction, and cannot, at the same time, express transference in
any other direction. To express 'vector BC' then, another and
quite independent symbol /3 must be introduced. Tins symbol,
being united to a by the signs + and -, the laws of algebra will,
of course, apply to the combination.
5.    If we now join AC, and thus form a triangle ABC, and if
we denote vector AB by a, BC by /?, AC by y, it is clear that we
shall be presented with the equation a + /3 = y.
This equation appears at first sight to be a violation of Euclid I.
20: " Any two sides of a triangle are together greater than the
tkird side". But it is not really so. The anomalous appearance
arises from the fact that whilst we have extended the meaning of
the symbol + beyond its arithmetical signification, we have said
nothing about that of a symbol =. It is clearly necessary that the
signification of this symbol shall be extended along with that of
the other. It must now be held to designate, as it does perpetually
in algebra, 'equivalent to.' This being premised, the equation
above is freed from its anomalous appearance, and is perfectly con-
sistent with every thing in ordinary geometry. Expressed in words
it reads thus : 'A transference from A to B followed by a trans-
ference from. B to C is equivalent to a transference from A to C?
6.    AXIOM.   If two vectors *ha<ve not the same direction, it is
impossible that the one can neutralize the other.
f                       ,'
This is quite obvious, for when a transference has been effected
from A to B, it is impossible to conceive that any amount of trans-
ference whatever along BC can bring the moving point back to A.
It follows as a consequence of this axiom, that if <x, ft be different
actual vectors, i.e. finite vectors not in the same direction, and if